Abstract: In a recent paper by the authors, Lie bialgebra structures on generalized HeisenbergVirasoro algebra L are considered. In this paper, the explicit formula of the quantization on generalized Heisenberg-Virasoro algebra is presented.
Introduction
In Hopf algebras or quantum groups theory, there are two standard methods to yield new bialgebras from old ones, one is twisting the product by a 2-cocycle but keeping the coproduct unchanged, another is twisting the coproduct by a Drinfel'd twist element but keeping the product unchanged.
Constructing quantization of Lie bialgebras is an important method to produce new quantum groups (cf. [5] , [6] , [11] , etc). Drinfel'd in [?] formulated a number of problems in quantum group theory, including the existence of a quantization for Lie bialgebras. In the paper [9] Etingof and Kazhdan gave a positive answer to some of Drinfel'd questions. In particular, they showed the existence of quantizations for Lie bialgebras, namely, any classical Yang-Baxter algebra can be quantized. Since then the interests in quantizations of Lie bialgebras have been growing in the mathematical literatures (e.g., [8, 10, 13, 15] ). This Lie algebra is the universal central extension of the Lie algebra of differential operators on a circle of order at most one, which contains an infinite-dimensional Heisenberg subalgebra and the Virasoro subalgebra. The natural action of the Virasoro subalgebra on the Heisenberg subalgebra is twisted with a 2-cocycle. The structure and representation theory for the generalized Heisenberg-Virasoro algebra has been well developed (e.g., [1, 2, 12, 16, 20] ). The structure of the irreducible highest weight modules and verma modules for the twisted Heisenberg-Virasoro algebra are determined in [1, 2] .
Recently, the Lie bialgebra structures on generalized Heisenberg-Virasoro algebra L was discussed in [3] , which turned out the centerless generalized Heisenberg-Virasoro algebra L is triangular coboundary. We note that generalized Heisenberg-Virasoro algebra is Γ graded, where Γ is an abelian group over a field F of characteristic zero. For Γ and T is a vector space over field F, the generalized Heisenberg-Virasoro algebra L := L(Γ)( [17] ) is a Lie algebra generated by
The Lie algebra L has a generalized Heisenberg subalgebra and a generalized Virasoro subalgebra interwined with a 2-cocycle.
Denote L = L/C, then L is the centerless generalized Heisenberg-Virasoro algebra.
The main result of this paper is the following theorem: 
.
Preliminaries
In this section, we summarize some basic definitions and results concerning Lie bialgebra structures which will be used in the following discussions. For a detailed discussion of this subject we refer the reader to the literatures (see [3] and references therein).
Let L be the centerless generalized Heisenberg-Virasoro algebra and U (L) the universal enveloping algebra of L. Then U (L) is equiped with a natural Hopf algebraic structure (U (L), m, ι, ∆ 0 , S 0 , ǫ),
i.e.,
where ∆ 0 is a comultiplication, ǫ is a counit and S 0 is an antipode. In particular,
The following result is due to W. Michaelis(see [18] ).
Theorem 2.1. Let L be a Lie algebra containing two linear independent elements a and b satisfying
Then ∆ r equips L with structure of a triangular coboundary Lie bialgebra.
An algebra L equipped with a classical Yang-Baxter r-matrix r is called a classical Yang-Baxter algebra. It was shown in [9] that any classical Yang-Baxter algebra can be quantized.
The following result is well known (see e.g.,
[D1], [ES]).
Lemma 2.3. Let (H, m, ι, ∆ 0 , S 0 , ǫ) be a Hopf algebra over a commutative ring and F be a Drin-
Then (H, m, ι, ∆, S, ǫ) is a new Hopf algebra, which is said to be the twisting of H by the Drinfel'd twist F.
] be a ring of formal power series. Assume that L is a triangular Lie bialgebra with a classical Yang-Baxter r-matrix r. Denote by U (L) the universal enveloping algebra of L, with the standard
, which can be viewed as an associative F-algebra of formal power series
] is equiped with an induced Hopf algebra structure arising from that on U (L). By abuse of notation, we denote it by (U (L)
An algebra A equipped with a classical Yang-Baxter r-matrix r is called a classical Yang-Baxter algebra. It is showed in [9] that any classical Yang-Baxter algebra can be quantized.
For any element x of a unital R-algebra (R is a ring) and a ∈ R, we set (see, e.g., [14] )
and
Lemma 2.4. (see [13, 14] ) For any element x of a unital F-algebra, a, b ∈ F, and r, s, t ∈ Z, one has
3)
The following popular result will be frequently used in the third part of this paper. 
Proof of main results
In this section, assume that L is the generalized Heisenberg-Virasoro algebra defined in (1.1).
We have obtained that the Lie bialgebra structures on centerless generalized Heisenberg-Virasoro algebra L are triangular coboundary, namely, there always exist solutions of CYBE in L ⊗ L.
Therefore, L can be quantized by the above arguments. In what follows we will use a Drinfel'd twist (see Definition 2.2) to proceed the quantization on centerless generalized Heisenberg-Virasoro algebra L.
To describe quantizations of U (L), we need to construct explicitly Drinfeld twists according to that r = h ⊗ e − e ⊗ h is a solution of CYBE, namely, r is a classical r-matrix. Now we can use this r-matrix determined by e and h to construct a Drinfel'd twist. This will be done by several lemmas.
Lemma 3.1. For a ∈ F, i ∈ Z + , n ∈ Z, β ∈ Γ and α ∈ Γ\{0}, one has
a−n e n .
Proof. We only prove the first equation (the others can be obtained similarly). Since L β h − hL β = −α −1 βL β , there is nothing to prove for i = 1. For the induction step, suppose that it holds for i, then one has
Now for a ∈ F, set
a ⊗ e r t r , (3.1)
−a and S 0 (e r ) = (−1) r e r , we have
Lemma 3.2. For a, b ∈ F, one has
Proof. Using the equations (2.4) and (3.1), we have
From (2.5), (3.2) and Lemma 3.1, we obtain that
a e r h Corollary 3.3. For any a ∈ F, the elements F a and u a are invertible with
Lemma 3.4. For any a ∈ F and r ∈ Z + , one has
. In particular, one
Proof. Since ∆ 0 (h) = 1 ⊗ h + h ⊗ 1, it is easy to see that the result is true for r = 1. Suppose it is true for r, then for r + 1, we have
−a ⊗ (h + a)
Hence, the formula holds by induction. Lemma 3.6. For a ∈ F, β ∈ Γ, α ∈ Γ\{0}, one has
Proof. It follows directly from equation (3.1) and Lemma 3.1.
Lemma 3.7. For a ∈ F, β ∈ Γ, α ∈ Γ\{0} and r ∈ Z + , one has
I α e r = e r I α .
(3.4)
Proof. By Lemma 2.5 and equation (1.1), we have
Similarly, one can get (3.4).
Proof. By equations (2.3), (3.1) and (3.3), one has
a ⊗ e r I α+β t r+1
a ⊗ I α+β t). This proves equation (3.5) . Similarly, (3.6) follow from (3.4) .
Lemma 3.9. For a ∈ F, β ∈ Γ, α ∈ Γ\{0}, one has
Proof. From equations (2.3), (3.2), (3.3) and Lemma 3.1, one has
−a e r t r Hence, (3.7) holds. Similarly, one can get (3.8) by Lemma 3.1 and Lemma 3.7.
Now we have enough in hand to prove our main theorem in this paper. So the proof is complete! .
